Borel measures in consonant spaces  by Bouziad, Ahmed
TOPOLOGY 
AND ITS 
APPLICATIONS 
Topology and its Applications 70 (1996) 125-132 
Bore1 measures in consonant spaces 
Ahmed Bouziad 1 
Universite’ de Rouen, UFR des Sciences, URA CNRS 1378, 76821 Mont Suint Aignun, Frumv 
Received 8 September 1995; revised 16 October 1995 
Abstract 
A topology 7 on a set X is called consonant if the Scott topology of the lattice 7 is compactly 
generated; equivalently, if the upper Kuratowski topology and the co-compact topology on closed 
sets of X coincide. It is proved that every completely regular consonant space is a Prohorov space, 
and that every first countable regular consonant space is hereditarily Baire. If X is metrizable 
separable and co-analytic, then X is consonant if and only if X is Polish. Finally, we prove 
that every pseudocompact opological group which is consonant is compact. Several problems of 
Dolecki, Greco and Lechicki, of Nogura and Shakmatov, are solved. 
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1. Introduction and preliminaries 
Let X be a topological space and let 7 be the lattice of all open subsets of X equipped 
with the Scott topology [9,14]. The space X is called consonant if each Scott open set 
% c 7 is compactly generated, that is for each U E 3t, there is a compact set K c U 
such that V E Z as soon as K C V and V E 7. This terminology has been recently 
introduced by Dolecki, Greco and Lechicki in [6,7], where they also give the following 
interpretation for the consonance: X is consonant if and only if the upper Kuratowski 
topology on closed subsets of X coincides with the co-compact topology. We note that 
a consonant space is called UK-trivial by Nogura and Shakhmatov in [ll]. A family 3t 
of open sets of X is said to be compact [6,7] if the following two conditions hold: 
(i) if 0 E ‘H and 0 c V, V open in X, then V E 3t, 
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(ii) if a collection I/ of open sets in X is such that lJ V E %, then there is a finite 
collection U c V such that UU E ‘U. 
As it is noted in [7], a family 7-1 c 7 is compact if and only if ‘?-/ is Scott open. A 
compactly generated family is called trivial in [ 111. It is proved in [7], among other things, 
that every Tech-complete space is consonant. The purpose of this note is to answer, by 
making use of measure-theoretical techniques, several questions raised in [6,7,11]. 
Let P(X) denote the space of all probability Radon measures on the a-algebra of Bore1 
sets in X, equipped with the usual topology. The space X is called a Prohorov space if 
for every compact M c P(X) and every E > 0, there exists a compact set K c X such 
that p(K) 3 1 - E for each p E M. It is well known that every tech-complete space is 
a Prohorov space [ 121. 
In Section 2 we examine the relationship between consonance and Prohorov’s property. 
We show that every completely regular consonant space is a Prohorov space (Theorem 
2.2). Then we use a theorem of Preiss [ 121 to show that a co-analytic metrizable separable 
space X is consonant if, and only if, X is a Polish space (Theorem 2.3). In particular, 
the space of rational numbers is not consonant; this gives a solution to the problem of 
Dolecki, Greco and Lechicki in [6,7]. Another consequence of Theorem 2.2 is that every 
regular first countable consonant space is hereditarily Baire (Theorem 2.4), which gives 
a positive answer to another problem raised in [ 111 for metric spaces. 
In Section 3 we study the possibility for a consonant space to be a Radon space. All&he 
and Calbrix [l] were the first to consider Radon measures to study the consonance of 
topological spaces. We show that every consonant space is pre-Radon (Proposition 3.1). 
Consequently, every Bore1 measure-complete and consonant space is a Radon space. Fi- 
nally, we show that a consonant pseudocompact opological group is necessarily compact 
(Theorem 3.4). From this it follows that a completely regular w-bounded space is not 
necessarily consonant. This solves a question of Nogura and Shakhmatov [ 111. A last 
result on invariance of the class of consonant spaces by perfect mappings is given at the 
end of this section. We show that the consonance is an invariant of perfect mappings. 
The inverse invariance by perfect mappings of this class has been established in [ 111. 
2. Consonant spaces and Prohorov spaces 
The basic result of this section is Theorem 2.2. Recall that a finite positive measure 
~1, defined on Bore1 subsets of a space X, is said to be r-additive if for every U c 7 
we have 
p(UU) =sup{p(UV): VCUfinite} 
The following is quite simple and well known (see [8, Proposition 6.91). 
Lemma 2.1. Every jnite Radon measure is r-additive. 
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Theorem 2.2. Let X be a completely regular consonant space and M a compact subset 
of P(X). Let 0 < E < 1 and Uo C X an open set such that p(Uo) > 1 - E for every 
I_L E M. Then there exists a compact K C ilJ0 such that p(K) 2 1 - E for each p E M. 
In particular X is a Prohorov space. 
Proof. Let % be the family of all open sets 0 c X such that ~(0) > 1 - E for every 
p E M. Clearly, if U E Y-l then 0 E ‘7-l for each open set 0 c X which contains U. Let 
us show that ‘fl satisfies the second compactness condition (item (ii) in Section 1). Let 
V be a family of open sets of X such that U V E 5% It follows from Lemma 2.1 that for 
every p E M there is a finite family U c U such that p(UU) > 1 - E. Consequently, 
the family of all sets of the form {,u E M: p(UU) > 1 - E}, where U is a finite subset 
of V, is an open cover of M (recall that X is supposed to be completely regular). Since 
M is compact there is a finite family U c V such that p(U ZA) > 1 - E for every p E M. 
Hence % is compact set as claimed. Now, by using the facts that X is consonant and 
Ua E ‘fl, choose a compact set K c UO such that p(U) > 1 - E for every open set 
U c X which contains K and for every ~1 E M. Since the measures in M are outer 
regular, we obtain p(K) > 1 - E for each p E M. Cl 
Let us note that the converse of Theorem 2.2 is false. Indeed, it is proved in [7] that 
a Gg subset of a consonant space is not necessarily a consonant space (a completely 
regular example is given). On the other hand, every Gg subset of a Prohorov space is 
a Prohorov space [12, Theorem 11. Hence, by Theorem 2.2 and [12, Theorem 11, the 
example given in [7] is a Prohorov space which is not consonant. 
We remark that the proof of Theorem 2.2 shows that for a completely regular space 
X in order to be a Prohorov space it suffices that X satisfies the following weak form of 
consonance: for every compact family 3c c 7 there exists a compact set K c X such 
that 0 E 3-1 for every open set 0 c X which contains K. Such a space will be called 
weakly consonant. 
Theorem 2.3. Let X be a metrizable separable co-analytic space. The following condi- 
tions are equivalent: 
(1) X is consonant, 
(2) X is weakly consonant, 
(3) X is a Prohorov space, 
(4) X is a Polish space. 
Proof. The implication (1) + (2) is trivial. The implication (2) -+ (3) is a consequence 
of Theorem 2.2. The implication (3) -+ (4) is a result of Preiss [12, Theorem 31 (see 
also [13]). Finally, the implication (4) -+ (1) is a result from [7], since every Polish 
space is tech-complete. q 
It follows from Theorem 2.3, that the space of rational numbers (equipped with the 
usual topology) is not consonant. This answers negatively the question posed in [6,7] (see 
also Problem 11.2 of [ 111). The next result gives a (stronger) positive answer to Problem 
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11.4 of [l l] settled for metric spaces. Recall that a space X is said to be hereditarily 
Baire if all closed subspaces of X are Baire spaces. 
Theorem 2.4. Every regularfirst countable and weakly consonant space is hereditarily 
Baire. 
Proof. Let X be such a space. Suppose that X contains a closed non-Baire subspace. 
It follows from a result of Debs [5] that X contains a closed subspace F which is 
homeomorphic to the space of rational numbers. From Theorem 2.3 it follows that F 
is not weakly consonant, which is a contradiction. Indeed, as it is easy to verify, every 
closed subspace of a weakly consonant space is weakly consonant. 0 
In order to establish Theorem 2.4 one can also apply Theorem 2.2 and use, in place of 
the Debs’ result, the following result of Koumoullis [lo]: every first countable Prohorov 
space is hereditarily Baire. 
3. Consonant spaces and Radon spaces 
Let X be a Hausdorff topological space. In this section a positive measure defined 
on Bore1 subsets of X will be simply called measure in X. The space X is called 
pre-Radon [8] if every finite r-additive measure p in X is a Radon measure, that is 
p(B) = sup{p(K): K c B compact} for each Bore1 subset B of X. It is well known 
that every tech-complete space is pre-Radon [8]. The following improves [ 1, ThCoreme 
2.11. 
Proposition 3.1. Every Hausdolff consonant space is pre-Radon. 
Proof. Let X be such a space and p a finite r-additive measure in X. Since p is finite, 
to establish that p is Radon it suffices to show that every open set U C X is P-Radon, 
i.e., p(U) = sup{p(K): K c U, K compact}; see [8, Corollary 6.41. Let Uo c X be 
an open set and E > 0 such that I > E. We want to find a compact set K c 170 such 
that p(K) 2 E. Let ‘U be the family of all open sets 0 c X such that /A(U) > E. Since 
p is r-additive, the family Y is compact. Hence there exists a compact set K C UO 
such that U E 7-l for every open set U c X which contains K. Since the space X is 
Hausdorff we have K = n{o: K C U, U open}; hence, since p is r-additive, we 
obtain p(K) > E. 0 
The space X is called Bore1 measure-complete [8] if every finite measure in X is 
r-additive. For a class of Bore1 measure-complete spaces sufficiently large to include 
all hereditarily Lindelof spaces, see [8, Theorem 10.21. From the preceding proposition 
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we obtain the following statement. Let us note that, when X is locally compact (hence 
consonant), this fact figures in [81. 
Theorem 3.2. Every Hausdolfs consonant space which is Bore1 measure-complete is a 
Radon space, i.e., every finite measure in X is Radon. 
A Hausdorff space X is called w-bounded if every countable subset of X is contained 
in some compact subset of X. Clearly, every w-bounded space is countably compact. The 
following question is posed in [ 11, Problem 11.71: is every regular countably compact 
(respectively w-bounded) space consonant? We use an argument from measure theory in 
topological groups to show that counterexamples to this question are in fact abundant. 
More precisely, we prove that every weakly consonant pseudocompact opological group 
is compact. To do that, we first establish a lemma which gives a necessary condition of 
weak consonance. 
For every measure ~1 in a space X and for every A c X, we let 
p*(A) = inf {p(U): A C U, U C X open} 
p*(A) = sup {p(K): K c A, K compact}. 
Lemma 3.3. Let X be a Hausdorff space and p a r-additive measure in X. If Y is a 
subspace of X such that p*(Y) < p*(Y), then Y is not weakly consonant. 
Proof. Let 31 be the family of all open subsets U of Y such that p*(U) > E, where E is 
a fixed real number such that p*(Y) < E < p*(Y). The family 3t is compact. Indeed, 
the measure in Y given by the restriction of II* to Bore1 subsets of Y is T-additive, see 
[S, Lemma 11.41. Suppose that Y is weakly consonant. Let then K C Y be a compact 
set such that p*(O) > E for every open subset 0 of Y which contains K. We have, in 
particular, that ~(0) > E for every open subset 0 of X which contains K; since X is 
Hausdorff and p is a finite T-additive measure, we obtain p(K) b E. Hence p*(Y) 2 E, 
which is a contradiction. The space Y cannot be weakly consonant. 0 
Theorem 3.4. Let G be a topological pseudocompact group. Then G is weakly consonant 
if and only if G is compact. 
Proof. Let X be the Tech-Stone compactification of G. Since every compact space is 
consonant, to establish the theorem we suppose that G is weakly consonant and prove 
that G is compact, that is G = X. By a theorem of Glicksberg, see [3], the space X 
is a compact topological group for which the group G is a subgroup. We write the law 
of X (and hence of G) multiplicatively. Let X be the normalized Haar measure in X. 
Since X is compact, the measure X is T-additive, see [8, Propositions 6.13 and 7.21. 
Since G is pseudocompact, we have X*(G) = 1 (this follows from the fact that G meets 
every Gs subset of X, see the proof of [3, Theorem 6.141). Since the space G is weakly 
130 A. Bouziad / Topology and its Applicurions 70 (1996) 125-132 
consonant, it follows from Lemma 3.3 that X,(G) = 1; hence there exists a compact set 
K c G such that X(K) > 0. By Weil’s theorem [15], see also [3, Theorem 4.61, the 
set KK-’ c G is a neighbourhood of the identity in X; consequently, G is a closed 
subgroup of X. Hence G = X. 0 
The following example is a classical one. 
Example 3.5. Let X = (0, l}‘, where I is a nonempty set. The space X (equipped with 
the Tychonoff topology) is a compact topological group. Let Y C X be the C(O)-product 
subspace of X, that is, Y is the set of al1 (xi)iEl E X such that {i f 1: zi # 0) is 
countable. The subspace Y of X is w-bounded. Suppose that I is uncountable. Then Y 
is not compact, hence it follows from Theorem 3.4 that Y is not weakly consonant. 
Remark 3.6. Let I be a nonempty set. Lemma 3.3 can be used to show that if a filter 
3 on I is not X-measurable (A is the Haar measure in (0, l}‘), then .F, as a subspace 
of (0, l}‘, is not weakly consonant. Indeed, it is well known and easy to see that a 
nontrivial filter F on I is such that X,(F) = 0, and 3 is not measurable if and only if 
A*(F) = 1. Hence Lemma 3.3 applies. Consequently, metrizable separable hereditarily 
Baire spaces, which are not consonant, exist. This shows that the converse of Theorem 
2.4 is false and solves a question of Nogura and Shakhmatov in [l 11. 
We conclude this section by a positive result. Recall that a continuous mapping f : X + 
Y is perfect if f is closed and f-‘(y) is compact for every y E Y. It is proved in [ 1 I] 
that the inverse image of a regular consonant space by a perfect mapping is a consonant 
space. We shall complete this result by showing that the class of consonant spaces is in 
fact a perfect class, see [ll, Question 11.81. 
Proposition 3.7. Let f : X + Y be a perfect onto mapping, where X is a consonant 
space. Then Y is consonant. 
Proof. Let U be a compact family of open sets of Y and let us show that U is compactly 
generated. Let V be the family of all open subsets V of X for which there is U E U 
such that f-‘(V) c V. 
Claim. The family V is compact. 
Proof of the Claim. It is clear that property (i) of Section 1 holds. Let (K)iEl be a family 
of open subsets of X such that &I Vi E V. Choose U E U such that f-’ (U) C UiGr V;. 
We have 
UC?;?Y+y) 
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where S is the set of all finite subsets of 1. Indeed, let y E U; since f-‘(y) is compact, 
there is J E S such that f-‘(y) c lJiEJ Vi, hence y E Y \ f(X \ &-J Vi). Since .?A is 
a compact family, there exist Ji , . . . , J, E S such that the open set 
0= u Y\f(X\ u %) 
l<i<Tl jEJi 
of Y belongs to U. We have f-‘(O) c Ui,-J Vi, where J = Ji U . . U J,, hence 
lJiEsI & E V. The claim is proved. q 
Let U E U. Since the space X is consonant, there is a compact set K c X such 
that K c f-‘(U), and such that V E V for every open set V c X which contains 
K. It follows that f(K) c U and, for every open set 0 c Y such that f(K) c 0, 
we have 0 E U. Indeed, for such an open set 0, we have f-’ (0) E V, hence there is 
Ui E U such that f-‘(VI) c f-‘(O); since the mapping f is onto we obtain U c 0; 
consequently 0 E U. 0 
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